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In - . note! I made use of the idea of the product of two constructs
in or!¢ . nobtain certain properties of Abelian integrals attached to
algebra. - urieties. The present note uses the same method to obtain
further pxperties of such integrals.

§1.

1. Let 4, B be two homeomorphic absolute manifolds of # dimensions,
and consider the product 4 X B. On this there is a cycle I' of # dimen-
sions, homeomorphic to 4 or B, corresponding to the transformation
between A and B implied by their homeomorphism. Ifa) (@ = 1, ...,
R,), where R, is the pth Betti number of 4, is a base for the p-cycles of
A,and b, (i = 1, ..., R,) is the corresponding base for the p-cycles of B,
then

@ X bi_y(i=1,..,Ry i=1,...,Rp; p=0,...7)
form a base for the r-cycles of 4 X B. We therefore have

= z: 65’ a‘p X b;_p
i.7,0
The coefficients ¢!; are known, and the matrix (&) = ¢ is glven by ¢ =

(a") -1 where a¥; = af; = d}.a}_, (the intersection of a} and aj_ p) Now
let T” be the r-cycle of T' which is the homeomorph of the cycle a! of 4.

I'* ~ T.a! X B
~ > dia,a X bj_, =X (—1)"eal.al X b]_,

i.g,p i,

Let at.d, = 2 W @ orp_m (or zero if r + p < m).
k

Then a, -a'p-aZn-—r-p = Z I-‘hil d (r+ﬁ—n)-a2n—r—r

The matrices af = (at.db.adu_,_,),

and a"+p_" = (ai+p_”.a£”_'._p)

are characteristic matrices of the manifold and are known when the mani-
fold is completely specified. Hence if
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we o= (),
W= aE
h 1 j
Now r, = Z (_l)p'ef] I‘;:glar+p—n X bf.-p

=~ Z )\l'j+p_" a'lr+p—n X bi—py
where N = (—1)7(uR)e
= (=)"@T) " (@) E)

and hence I can be expressed in terms of the base for r-cycles of 4 X B
by a homology in which the coefficients are known.
A more convenient method of writing the result is to put

ptg=r
Then M= (=D (@) @6

2. Let the manifolds A and B be two Riemann manifolds associated
with the algebraic variety F whose equation is

F(xO) X1, ---yxm) =0

in a (complex) space of m + 1 dimensions in which the coordinates are
(%0, ..., Xm). A X B is then a Riemann manifold associated with the
ordered product & of the variety by itself, or, if we like, the intersection
of the cylinders

F(x9, x1, e X)) =0
F(x,, xy, e Xm) =0

. . - ’ ’
in the space of 2m + 2 dimensions (xo, . . ., Xm, Xg5 - . - Xom)-

If E P, fs o o ,-,,dx,-l. . .dx,-,, = / aP
(€]

(9) ig=1

is a p-fold integral of a total differential of the first kind attached to F, and
m
A) j,g Qi - g x5 . dx;, = ./(;) aQ
is a g-fold integral of similar type,
Lﬂ) %P,-,...,-, Q. . jg 4%y . .dx;, dx;,. . .dxj,, (1)

where the “Q’”’ implies that each x; is replaced by x; in Q,isa (p + ¢)-
fold integral of a total differential on ®. The variety of m dimensions
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on & which corresponds to the identity transformation on F is given by
putting x; = x;(4 = 0, ..., m) and is represented on 4 X B by I. The
value of the integral (1) taken over a cycle T* (r = p + ¢) of I is equal to
the value of

ZP,'I. < ip Qj‘. < ja dx,-l. . .dx;‘, dle. . .dqu
+9 4. ' .

taken over the corresponding cycle of 4, and hence it vanishes if > m.
But as (1) is the integral of a total differential of the first kind on 4 X B
its value is unaltered if T? is replaced by a homologous cycle, in particular
by the cycle

> Ndp X by,

(584
Now the value of the integral evaluated over
@y X b,

is w? X !, where

wf=/dp,andwg-=f aQ’,
at bi
r q

and the value over aj X bi_, (p # p’) is zero, since this cycle can be
deformed into one lying in

Xprpy = 0, ,x,,, = 0, x:—p'+1 = 0, ,x,',, = 0,
and, as either p’ < porr — p’ < r — p, the result follows immediately.
Hence we have
0 = X Molul
ij

If o’ denotes the matrix whose element in the 5" column and the j'®
row is the period of the if" p-fold integral of a total differential on A4
with respect to the cycle a}, we have the matrix equation

W\l = 0, @)

and there will be one such relation for each of the R, r-cycles of T.

3. The only question which remains is whether the relations (2) are
vacuous or not. Consider the simple case in which m = 2, so that F is
an algebraic surface, and take p = 1, ¢ = 2. The relation (2) is made up
of relations of the form

11 9
2 Njwi o =0,
i

where w} (1 = 1, ..., R) and o? (j = 1, ..., Rs) are the periods of a
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Picard integral of the first kind and of a double integral of the first kind,
respectively, attached to F. We know that w? = 0 if a} is an algebraic
cycle, and what we require to show is that there exist cycles ai, aj such
that w; X w? & 0, and further )\}j #+ 0. A simple example will show that
this is the case, and hence the relation (2) does in fact yield relations
between the periods of the p- and g-fold integrals of total differentials of
the first kind on F.

Let C and D be two elliptic curves, and denote their 0-cycles; 1-cycles;
and 2-cycles, by ¢; v, v2; C and d; &, 8, D, respectively. Then take
F as the product of C X D. On F the O-cycle is @y = ¢ X d, the 1-cycles
aj, ...,atarec X 8, ¢ X &, 11 X d, y: X d, the two cyclesay, ..., a3 are
¢ X D, v1 X 81, 71 X 83, v2 X 81, 72 X 85, C X d, and the 3-cyclesa;, ..., a}
are v1 X D, vo X D, C X &, C X 8. The matrices

ra! = . . . 19, a2 = r. . . . .19
L. =1 . . | |
1 . 1
L -1 | . 1
. —1
1 |
(@ Xa)= r 0 0 c X & c X &
0 c X & 0 —mn Xd
0o ¢ X 8 7 Xd 0
—c X & 0 0 —v: X d
—c X & 0 'Ysz 0
Ly1 X d y2 X d 0 - 0

Now let T* be the homeomorph of al, then a}? is

}

and from this it follows that

A\ = r . .f'l . . .
1

L. . . . . .

If (1, 7) are the periods of the integral of the first kind attached to C and
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(1, o) those of the integral on D, the period matrix for Picard integrals
of the first kind on F is
1 ¢ 0 O
0 0 1
and the periods of the double integral of the first kind are

T

0,1, 0 7, 70, 0;
and hence if we take the relation arising from the first Picard integral
Ms=—1, 0l =1, o =g,

and this establishes the required result.

4. 1If there is a singular transformation of F into itself we shall get a
new algebraic cycleI'on 4 X B corresponding to this, and we shall have
new relations of type (2) arising from each I'* of this T. Lefschetz?® has
shown how to calculate the coefficients ¢ for T' in this case. Making the
necessary alterations in our calculations, if

= E p'l?j a; X brj—ﬂ’

50
P=Nft r=p+9

when f? is the matrix of transformation of the g-cycles. The new relation
is then _

wl’)\ﬂf;l 7 = Q.
But the Hurwitz* theory of correspondence tells us that there is a matric
»? such that B

Yol = oYY,
and hence the new relations can be obtained by combining the relations
(2) with the Hurwitz relations.

§2.

5. The second application of our method deals with integrals of the
second kind attached to an algebraic variety. It is known that if

S dilx,y)dx (G =1,...,2p)
are 2p independent integrals of the second kind attached to a curve C
of genus p
v flx, %) =0
and (x1, y1) and (x2, y2) are two points of C, then there exists a certain
matrix (e;), whose elements do not depend on (xi, y1) or (xz, y2) such that

b
2 €5 bix, y1) &; (2, 32) = v, Rl 22 31, 32) + b_ S(x1, %2, y1, ¥2)

%
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where R and S denote rational functions; and the differentiations are
made on the assumption that (x;, 1) and (s, 3») lieon C. The importance
of this result lies in the fact that it gives an algebraic form to the well-
known theory of the “interchange of argument and parameter’’ for normal
integrals of the third kind.t

The existence of such a result is obvious from certain geometrical con-
siderations, but not its form. The argument is as follows. We take C
as the variety F of §1 and consider the surface . Denote the integrals
of the second kind attached to 4 by Uy, Us, ..., U,, and let the corre-
sponding ones attached to B be Vi, Vs, ..., V,,. Then clearly U; X V;is
an integral of the second kind attached to ®. Now for &

Ry = 4p? + 2.

Consider the Picard number p. This is in general equal to 3, for there
are three independent curves on it x = const., x’ = const. x = x’. There-
fore there are

Rz —p = 4?2 - 1

independent integrals of the second kind on &, and hence the 4p? integrals
U; X V; are not all independent. There must.therefore be a matrix
(é,'j) such that

; €5 U,' X V;

is improper.

6. This suggests generalizations of the result. In the first place, if
there are k singular correspondences on the curve C, to each of these
there corresponds a curve on & (or rather two curves on ®, which are
interchanged when we interchange x and x’). Hence p is increased, so
that to each correspondence there corresponds a new bilinear expression
in U, V which is improper. Again, the arguments can be extended to
any variety and give similar results for varieties of 7 dimensions. The
application of the results to function theory is, however, not obvious.

By means of our topological methods we are able to give exact forms
to the bilinear expressions which are improper, and this paragraph is
devoted to finding these forms. We proceed with the most general case
and use the notation of §1.

7. Consider on 4 X B the algebraic cycle of 2m dimensions I' which
represents any correspondence between 4 and B,

S g B
T~ 3 €;ay X bim—p.
i

From the formula of Lefschetz, already quoted,

¢ = @y
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where ¥ ~? is the matrix of transformation of the (2m — p)-cycles. Let

T, stand for the cycle . .
I = 2 €5 AmX b'm

Then (I,.Ty) = v = (— 1)"‘ Z € e,,ka,,,b,,, (where the affix m is omitted,

as this is the only one Wthh 1s requxred in the sequel)
Writing Iy =T Z &5y bjs —(—=1)"val X by,
L

we have
(I‘rs-rl) =0, Z &s s = 0.

Let Uy, ..., U,, be the integrals of the second kind attached to 4 which
have unit periods on al, . .., a®™, respectively, and all their other periods
equal to zero, and let V3, ..., Vg, be the corresponding integrals of B.
Some of these may be improper, but this does not affect the argument.
The period of U, X V, on Ty is

Z €35 €ij Qig Jb ( l)m

L

and on any other cycle T, it is

Z € €ij Qjy bjs-
L

Hence the period of Z foraw Uy X Vp
on I, is bz: {ak Qb €p €ij a;r )js ( l)m'Y E frk Qs
a,n,t,7,

= Zfak b €ab frj bjs _(—l)m'y Efrk Qs
ab,jk k
= Zfrj Qjs [Zfak Qb €gp _(_l)m‘Y]» (since a = b)
Jj akb
= 0.

8. Now let us take as our base for cycles of 2m-dimensions in 4 X B,
R2 — 1 of the cycles T',, the cycle T, and the cycles a? X b%,_; (i =m).
These last cycles can all be submerged in the manifold of 4 X B which
corresponds to a section of ®, and T, is homologous to the difference be-
tween an algebraic cycle and these cycles. Further all these cycles meet
T, in a number of points algebraically equal to zero. Hence® if an integral
of the second kind has zero periods on all the cycles T, it is improper.
Therefore

kEbfak ay U X Ty

is improper. We write this
fa™ VU
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In general if 1, ..., ugnis any system of integrals of the second kind on
A, and vy, ..., Uz, is the corresponding system on B

U=owlu V=ol

where w is the period matrix of the integrals and we have the result that
if a is a matrix
a= o Yf"a"e!
Z: a,il; X v;
Y

is improper.

9. It is possible to deduce a similar relation between the p- and g¢-fold
integrals of total differentials of the second kind by considering the cycle
T} of §1. Until, however, some application of such a result arises there
is no point in carrying through the analysis, which does not introduce any
new idea.
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Let

(% = Xy, %) G=12..,m) )

be a system of » differential equations of the first order, valid in a closed
analytic #-dimensional manifold without singularity, M. The points
of M are taken to be represented by a finite number of such sets of variables
(x) in overlapping domains. For definiteness, the right-hand members
X; as well as the transformations of connection between the sets (x) are
taken to be analytic. Finally it will be assumed that there is a volume
integral invariant, S~ dx; dx...dx, in suitable cobrdinates.



